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 Marginal structural models (MSMs) are a class of causal models that
assume a parametric model for the counterfactual mean. They are
widely used for their interpretability and generalizability to continuous
treatments and multiple treatments in longitudinal settings [1].

S[Y (a)] = 9(a;0)

 The goal of the work we present is to estimate 0 efficiently.

Example: The Backdoor Model

In the backdoor graph, the
counterfactual mean is identified as
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Figure 1: Backdoor graph.

The backdoor graph can be factorized as
p(Y, A, C) = p(Y |A C)p(4 | C)p(C).
Let
q(Y, A, C) = p(Y A C)p(4) p(0).
This is a hypothetical distribution where treatment behaves as if it were
randomized.

Suppose we use the squared loss function. Then, we can solve for 6 by

minimizing
2[(Y — g(4;0))"]

The subscript g indicates that we take the expectation over the
hypothetical randomized distribution. Assuming sufficient regularity to
exchange derivative and integral, we take the derivative of above and set
it equal to O to solve for the minimum:

s B(A)(Y — g(4;0)] =0 (1

The function h is the derivative of g with respect to 0.

In general, we just need the derivative of the loss function to be (1). For
instance, in a logistic model, we can use the cross-entropy loss function
[2]. We assume that the derivative of the loss follows (1).

Exercise for audience: The estimating equation (1) can be rewritten as
p(4 | C)
This is the canonical inverse-probability weighted estimator for MSMs [1,

2, 3]. Aresearcher can implement this estimator using standard statistical
software with a reweighted regression.

A(A)(Y — g(A;6))] = 0

Background: Influence Function Based Estimators

* Influence functions (IFs) measure the “influence” of slightly perturbing
the underlying data-generating distribution on an estimand.

* The influence function is defined as the limit, as the amount of
perturbation goes to 0, of the difference between the estimand
evaluated at the perturbed distribution and the estimand evaluated at
the true distribution divided by the amount of perturbation.

* Let Y be the estimand of interest, F; be the perturbed distribution,
and F be the true distribution.
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* Influence function-based estimators avoid first-order bias; the
estimator is efficient when the product (rather than the sum) of the
rates of convergence of nuisance functions is efficient. Influence
function-based estimators also achieve the nonparametric efficiency
bound [4, 5].

* The influence function-based estimator for y = E[Y(a)] in the
backdoor case is the canonical doubly robust estimator [4, 5]:
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We can rewrite our estimating equation as:

qlR(A)(Y — g(A;0))]
— 3" WA (AEY (A)] - 3 h(A)p*(A)g(4;0) =0 (2)

Note that the second term does not depend on the data. Thus, to
estimate 0, we only need to estimate the first term.

Proposition 1. Suppose the influence function for E[Y(a)] is known.
Then, the influence function for ), , h(A)p*(A)E|Y(A)] is

S (AHAELY (4)

= 3 P (A)h(A) - B[V (4)

In the case of a continuous treatment, replace the summations with
integrals and probabilities with densities, and we still get the correct
influence function.

Influence Function of MSM Parameters

To get the influence function for the parameters 0, we use the chain rule.
Lety = Y, h(A)p*(A)g(A; 0), where g(A; 0) is the MSM for the

counterfactual mean.
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In the backdoor case, this gives us the final desired result
&L 0 -
5 = (~ | g - gai0) )

p*(4) e 3
(p(A | C)h(A)(Y —E[Y | A,C]) + ;p (A)R(AE]Y | A, C] — ¢)

And the estimating equation

*This matches the
doubly robust MSM
estimating equation
proposed by Robins
and van der Laan [3].
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Main Results

Proposition 2. Suppose the true parameters of the MSM (87) are unique.

The estimating equation (2) is satisfied at 8™ if and only if the estimator
for E[Y(a)] is unbiased.

Note that the MSM estimating equation (2) inherits any “weak double
robustness” properties of the counterfactual mean estimator.

Theorem 1. If the influence function of E[Y(a)] is known under discrete
treatment, then the influence function for the parameters 0 of the MSM
is given by (3).

Theorem 2. Suppose we use a root finding algorithm that converges to
the true values of the MSM parameters. If the estimator for p =

Y4 h(A)p*(A)E|Y(A)] is asymptotically normal, then (2) is
asymptotically normal in estimating the parameters of the MSM.

Note that influence function-based estimators are often provably

asymptotically normal under mild conditions, making them good
candidates for estimating .

Extension: The Frontdoor MSM

Using the influence function for E[Y(a)] in the frontdoor model given by
Fulcher, et al. [6], the estimating equation for the frontdoor MSM
parameters is
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- ZA:P*(A)h(A)g (4;6) =0 Figure 2: Frontdoor graph.

We are investigating influence functions for MSM parameters when the
counterfactual mean is identified as a product of conditional
probabilities (g-functional), allowing for easier calculation of the

influence function fory =Y, p*(A)h(A)E[Y(A)] [7].
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